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Abstract 
A convergence theorem for the vanishing viscosity method and for the Lax-Friedrichs chemes, applied to a nonstrictly 
hyperbolic and nongenuinely nonlinear system is established. Using the theory of compensated compactness we prove 
convergence of a subsequence in the strong topology. (~) 1999 Elsevier Science B.V. All rights reserved. 
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I. Introduction 
We are concerned here with the study of the Cauchy problem for the following 2 × 2 system of 
conservation laws: 
ut + ( f (u )  + g(v))x = O, 
v, + (uv)x = O, 
(u(x, 0), v(x, 0)) = (Uo, Vo), (1) 
where f ,  g E C2(~), f (0)  = g(0) = 0, 9'(0) = f ' (0)  = 0, satisfying 
~g'(¢) >0 and g"(¢)~>0 for ~¢0,  
f " (~)>2 V~E~. (2) 
A system of this type, when f (u )  = 3u2/2 and 9(v) = v2/2 has been investigated by Kan [7]. Systems 
of this type have been widely investigated in connection with oil reservoir engineering models. In 
order to use the compensated compactness method eveloped by Murat [9] and Tartar [11], we will 
need a priori estimates in L ~, independent of the viscosity. To this purpose, we shall make use of 
the theory of invariant regions due to Chueh et al. [1]. 
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2. Approximate solutions and convergence 
Given a 2 x 2 system of conservation laws: 
Ut + F(U)x =0, 
U(x, O) = Uo(x), (3) 
we say that it is strictly hyperbolic in a region f2 if VU E ~2 the eigenvalues of ~7F are real and 
verify the inequality 2_ < 2+. In our case, if 
G(u,v)=(u - f ' (u ) )Z+4vg ' (v ) ,  
we have 
2 (u, v) = 
u + f ' (u)  T Gv/G-(u,,v) 
and using (2) we obtain that the problem is strictly hyperbolic VU ~ 0, while in the origin (u, v )= 
(0,0) there is an umbilical point. 
If we call 
hT(u,v)= u - f ' (u)  T G(x/-G--C~,v~ 
then the eigenvectors are given by 
rT(U, V) = (g'(v), hT(U, V) ) T. 
We say that the system (3) is genuinely nonlinear in f2 if ~72T.r~: ¢ 0; VU C I2. In this case we 
obtain 
~72T.r T -- {[(2 + f " (u) )Q + ( f"(u)  - 2)(u - f'(u))]g'(v) + [Q T (u - f'(u))]vg"(v)}/(2Q), 
where 
and the genuine nonlinearity fails only on {(u, v)E ~=: v=0}.  
We say that a measurable function U = U(x,t) is a weak solution for the Cauchy problem (3) if 
and only if 
[UcP,+F(U)q~x]dxdt+ Uo~(X,0) dx = 0, 
OO OC 
(4) 
for any q5= ~(x,t)C C01(~ × [0, +c~)). 
The functions rhq: ~2~ R are an entropy-entropy flux pair for the problem (3) if and only if 
q, q c C 1 and 
~Tq = ~Tr/~7F. (5) 
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We say that a solution U verifies the entropy inequality in the sense of Lax [8] if for any convex 
entropy r/ (with a corresponding flux q) we have 
fo +~ f_~°~ [ r / (U)~,~ + q(U)~x] dx dt >10, 
where ~(x,t) is nonnegative and • E C~. 
A function w~: E C ~ satisfying 
(~Tw~:(u, v))Tr~:(U, V) = O, 
V(U, V), is called the first (respectively, second) Riemann invariant for the system (3). Let us denote 
by R+ the first and the second rarefaction wave of our system. 
Lemma. For the Cauchy problem (1) the follow&g properties hold: 
• The R+ (R_) curves are in one to one correspondence with the points of  the negative (positive) 
u-semiaxis; 
• The positive (negative) u axis is itself an R+ (R_) curve; 
• Every R+ (R_) curve which does not stay on the u-axis is increasing (decreasing) and goes 
to +c~ ( -~)  on the right (left). 
Now, since wT: is constant along every R+ curve, if we prescribe w T (u, O) as follows: 
w~:(u, O) = u, +u < O, 
w~:(u, 0)-- O, +u > O, 
then w_(u, v) <<. 0 <<. w+(u, v). 
The Riemann invariants (w_, w+) constructed as before, satisfy: 
0u 1 
0w_ - 2' 
~v h_ 
~w_ 2g'(v)' 
0u 1 
~w+ - 2' 
~3v h+ 
~w+ 29'(v) 
Now, by using the results of [1, 6], we have: 
(6) 
Theorem. The invariant regions for the system (1) are given by: 
c>0,  
and these regions are bounded by the two families of  rarefaction waves. 
Furthermore, by using Lemma 1, the family of invariant regions is strictly increasing with respect 
to c and it spans the whole state space as c ~ +~.  
142 N.L.E. LernlJournal of Computational and Applied Mathematics 103 (1999) 139-144 
If we denote by {U *} the family of approximate solutions obtained by using either the vanishing 
viscosity method or the Lax-Friedrichs cheme, then we have the following result: 
Corollary. Let (u0, v0)E ~c. I f  we suppose u0, Vo, Uox and Vor lyin9 & L ~, V(x,t) it follows: 
w ~ lim (u ~, v ~) E {(u, v): v ~> 0}. (7) 
E ---+0 + 
We shall apply the compensated compactness method and use the convergence theory of Di Pema 
[2] and Serre [10] for hyperbolic equations, to the solutions constructed by using either the vanishing 
viscosity method or the numerical schemes. In order to do this, we need to construct a family of 
weak entropies for our problem. 
We shall use [7] to extend the methods in [10]. In our case, (5) is equivalent to 
vrl~, - 9'(v)quu + (f ' (u)  - u)rlu~ = O. (8) 
A rather important solution for this equation is given by the mechanical energy 
rl*(u, v) = ~- + d~ d~, (9) 
which is also a convex entropy. 
T:(u, v )~ (w_,w+) is a one to one map which defines a change of coordinate from the upper 
half plane {(u, v): v/> 0} to the region {(w_, w+): w_ ~< 0 ~< w+ }. Using this change of variable T, the 
same equation can be written with respect o the Riemann invariants in the form 
02q 1 (c34+(w) Or I O4_(w) Orl ) 
~w_~w+ 4+(w) - 4_(w) \ ~w_ ~w+ Ow+ ~w_ =0.  (10) 
Let us consider the Goursat problem for Eq. (10), with characteristic data 
n(w_, 0) = O_(w_), 
,7(w_*,w+) = 0, (11) 
where w* < 0 and 0_ (w_) = 0 when w_ ~< w*. The solution will be as regular as the initial datum 
0_, and 
rt(w_, w+) = 0, 
for w_<~w*. To find a regular solution of the Goursat problems (10) and (11) we need to esti- 
mate the coefficients of the first-order term in Eq. (10). Using (8), we will control this term in a 
neighborhood of the umbilical point. 
Lemma. A necessary and sufficient condition for the continuity of the derivatives: 
04+ 04_ 0(4+ - 4_) 0(4+ - 4_) 
and 
~3w_' Ow+' Ow_ Ow+ ' 
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is given by 
g'(v) + vg"(v)) 
lim f " (u ) -  1 - - - -  
]wl"--*O gt (v )  2l(u,v) = T-'(w) 
i.e., there exist k E R + and n E N* such that 
g(v) =kv =" + o(Ivl='), 
l 2 
f (u )=(n  + 5)u +o(lul:), 
when lul + Ivl-  o, and in this case 
02+(w)_  1 
lim 
Iwl~0 ~w_ 2' 
~2_(w)  _ 1 
lim 
Iwl~0 ~w+ 2' 
;t+(w) -- 2_(w)=n(w+ - w_ ) + o(Iwl), 
=0, 
(12) 
We conclude with the following existence result. 
Theorem. For any 6 > 0 there exists an initial datum 0_, vanishing when -6~<w_ < 0, such that 
the solution q of  the Goursat problem (10) and (11) and its derivatives up to the second order, 
are bounded on any bounded subset. 
These entropies can be used to reduce the support of the Young measure to a single point. Now, 
using (9), it is possible to obtain suitable estimates and apply the compensated compactness method 
to conclude with the following. 
Theorem. Suppose that {U k} are approximating solutions for the problem (1). Then for any 
smooth entropy-entropy f lux pair (q,q), the quantity tlkt + q~ lies in a relatively compact set of  
Hloc ~ . 
Recall that for any sequence {U k} in L °~ we can associate a family of probability measures 
{v(x,t)} so that for any continuous function f ,  {f(Uk)} converges weakly * to f f (2)v(x,t)d2.  
Now, we apply the div-curl lemma [11] to get 
Corollary. There ex&ts a family of  Young measures v(x,t), such that, for any entropy-entropy 
f lux (qj, qj), j=  1,2 the following relation holds: 
(v(x, t), ql q2 - thq, ) = (v(x, t), t h) (v(x, t), q2) - (v(x, t), q2) (v(x, t), q, ). (13) 
Finally, we can prove the following strong convergence r sult: 
Theorem. Assume that u0, v0, (U0)x, (Vo)x E L~(R), Vo(X) >>. 0, Vx, then the approximate sequence 
{ U k} constructed by using the viscosity method or the Lax-Friedrichs scheme converges trongly 
p in Lloc, p < + e~, to a weak solution of  the system (1) which satisfies the entropy inequality. 
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